A foot path planning algorithm is presented for a robot with six limbs symmetrically located on the faces of its hexagonal body, enabling it to walk at a constant height with an alternating tripod gait. The symmetry results in near omni-directional locomotion capability, so the algorithm is formulated for walking in any direction and at any height. The approach is to determine the maximum length foot path through each limb's workspace and then modify those foot paths based upon static stability analysis. The stability analysis is conducted in two phases to ensure stability without excessively reducing step length. Compared to an optimization approach, the algorithm yields foot paths within 9.1% of the maximal foot paths for all directions and heights. Unlike the optimization approach, the developed algorithm is computationally efficient enough to be implemented in realtime.
INTRODUCTION
The majority of hexapod robots constructed to date have had an insect-like structure with the limbs located laterally on the body in three opposing pairs. Examples range from the Adapative Suspension Vehicle (ASV) [1] , a hydraulically actuated machine in excess of three metric tons that was capable of walking with several different gaits and carrying an operator, to RHex [2] , a 7 kg electrically actuated machine that is capable of various running gaits. Both of these robots were operated on uneven terrain, highlighting the potential benefit of limbed machines compared with conventional wheeled and tracked vehicles.
Beyond the potential to negotiate natural terrain, though, limbed machines also offer the advantage of using their limbs for multiple functions. In fact, this paper intentionally uses "limb" in place of the more common "leg" to emphasize the multifunctionality. A hexapod, for example, might employ all of its six limbs to traverse a particularly difficult stretch of terrain and then use only two of its limbs to dig a hole or manipulate an object while standing on its other four limbs. The lateral positioning of the limbs for insect-like hexapods favors the function of locomotion over that of manipulation. Note that the limbs of both the ASV and RHex were designed exclusively for locomotion, providing large stroke in the direction of the body heading. The LEMUR I [3] hexapod has the same insect-like structure, but its two front limbs are different from the other four, having one additional degree of freedom (DOF) specifically to enable manipulation.
Specialization of only the front limbs for manipulation can endow a limbed robot with some of the advantages of multifunctional limbs, but it may not be adequate in extreme cases. In highly unstructured terrain or confined spaces, such as disaster rubble, a limbed robot may not have enough room to maneuver its body into a position from which the manipulation-specialized limbs can reach targets of interest. The Jet Propulsion Laboratory's LEMUR II [4] hexapod shown in Figure 1 addresses this limitation with six identical limbs located symmetrically around its hexagonal body, all having four DOF's to facilitate manipulation. Symmetrical arrangement of a hexapod's limbs was previously employed in Odex 1 [5] , Arai's limb-mechanism robot [6] , and Nataraj [7] . LEMUR II's on-board sensing, a pair of stereo cameras, are mounted on a turn table that can rotate nearly 360 degrees. As a result, the robot can orient its vision system toward any target and then manipulate that target with its nearest limb without changing its body orientation. LEMUR II's symmetrical limb configuration makes it a near omni-directional hexapod. The qualifier "near" indicates that the robot cannot truly move in every direction with equal ease due to the workspace limitations of the limbs. This point is developed in detail in the paper. Still, LEMUR II's normal walking mode requires no turning of the body, only changes in directional heading. Since the limbs are neither specialized for nor optimally arranged for locomotion, care is needed in developing the walking algoithms so that enabling manipulation does not unacceptably diminish mobility. This paper presents a foot path planning algorithm that can be implemented in real time on a robot of LEMUR II's structure to maximize the step length in walking at a constant height over level terrain with a statically stable alternating tripod gait. This algorithm represents a first step toward more generalized gait planning for robots like LEMUR II that are not specialized exclusively for locomotion. Since LEMUR II was designed for operation in microgravity, dynamic effects are not of immediate interest, but rather a subject of future work.
In the following section, the LEMUR II robot is described in greater detail, and then, the foot path planning algorithm is presented. Maximizing the step length in an alternating tripod gait is subsequently formulated as a nonlinear optimization problem to determine the true maximum. Finally, the results of the developed foot path planning algorithm are compared with those of the optimization approach to quantify the performance at various walking heights and in various walking directions.
ROBOT DESCRIPTION
The LEMUR II hexapod shown in Figure 1 was designed for the performance of assembly, inspection, and maintenance tasks at space installations [4] . Thus, operational flexibilty motivated the development of multi-functional limbs. Each of the six limbs, arranged symmetrically on the hexagonal body, has four DOF's and includes a quick-connect end-effector below the distal joint that enables rapid change-out of various tools. The 1-DOF distal joint is a revolute, corresponding roughly to a knee or elbow joint. The other three DOF's arise from three revolute joints whose axes intersect orthogonally at a single point near where the limb is attached to the body. Since this configuration is kinematically equivalent to a spherical joint, it will be referred to simply as a single proximal joint having three DOF's. The proximal joint corresponds roughly to a hip or shoulder joint. The use of "distal" and "proximal" in place of "hip" and "knee" or "shoulder" and "elbow" again is meant to emphasize that the limbs function both as arms for manipulation and legs for locomotion, although locomotion is the focus of this work. Each of the revolute joints is directly driven by an electric gearmotor and harmonic drive combination.
The modified Denavit-Hartenberg [8] parameters for one limb using Craig's [9] convention for assigning coordinate systems are given in Table 1 , and Figure 2 is the corresponding kinematic sketch of a single limb in its zero position. The length of the upper limb segment is L u , and the length of the lower limb segment is L l . Figure 3 is a top view of the body that shows the coordinate system of the second revolute joint for each of the six limbs. Leading numerical superscripts indicate the limb number, and the "B" superscript indicates the body-fixed coordinate system. The length of each side of the body is L b . Note that when a limb is in its zero position as shown in Figure 2 , it is parallel to the face of the body to which it is attached. Furthermore, the first revolute joint in each limb provides for the roll motion of the entire limb relative to the body, which is necessary for manipulation tasks. Since it is not particularly useful for locomotion, though, this work assumes that the first revolute joint remains fixed. That is why the orientation of only the second joint's coordinate system is shown in Figure 3 . The workspace of each limb is the key to determining the maximum step length of the robot in any gait. Figure 4 plots the workspace of a single limb in its X 2 − Z 2 plane. The distal joint (Z 4 ) has a range of motion from 0 to 120 degrees, while the proximal joint has a range of motion about an axis (Z 3 ) parallel to the distal joint from 0 to 90 degrees. About a perpendicular axis (Z 2 ), the proximal joint's range of motion is ±90 degrees, so a limb's total workspace volume is found by rotating the area plotted in Figure 4 through 180 degrees about the Z 2 axis. Again, the proximal joint's range of motion for roll rotation of the limb (Z 1 ) is not considered for gait planning.
For walking at a constant height on level terrain, the portion of each limb's workspace relevant to planning foot paths is a planar section parallel to the X 2 −Y 2 plane, which is to say parallel to the ground. This plane cuts through the workspace at a distance from the X 2 −Y 2 plane equal to the desired walking height of the robot, labeled z in Figure 4 . Here, desired walking height is defined in terms of the height of the proximal joints since they are in a fixed position in the body. Referring to Figure 4 , the minimum distance in the workspace from the end-effector to the center of the proximal joint is,
where α is equal to the the maximum angle of distal joint rotation minus 90 degrees. In this case, α is 30 degrees because the distal joint's range of motion is 120 degrees. For walking at a constant height z larger than r, the planar section of the workspace that is relevant to foot path planning is the area sum of two semicircles, the common center of the two being at the intersection of the Z 2 axis with the plane. Figure 5 , a top view of the robot, plots such workspace sections of three limbs relative to the body. The radius R 1 of the semicircle that forms the outer boundary is shown in Figure 4 to be,
where o f f set is a small constant value included to prevent the limb from entering a singular configuration. The outer boundary of the workspace is formed when the limb is fully extended, which corresponds to a boundary singularity. Rather than applying a constant "offset" after the maximum workspace has been determined, the singular configuration could similarly be avoided by limiting the distal joint's range of motion in actually generating the workspace. The offset approach is included throughout this paper to be explicit about avoiding boundary singularities. The radius R 2 of the semicircle that forms the inner boundary is shown in Figure 4 to be,
When the walking height z is smaller than r, as in Figure 6 , the relevant planar section of the workspace is the area difference of two semicircles rather than the area sum. Again, the common center of the two semicircles is the intersection of the Z 2 axis with the plane. body for three limbs. The radius R 1 of the semicircle that forms the outer boundary is again given by Equation 2, but the radius of the semicircle that forms the inner boundary is dependent upon the walking height. If z < L l , as it is in Figure 6 , the radius is,
Here, the o f f set is added to the radius because it establishes the boundary of the inner void in the workspace. If L l < z < r, the radius is,
The foot path planning algorithm must take into account the two different workspace structures shown in Figures 5 and 7 for foot path planning corresponding to the commanded walking heights greater than and less than r.
FOOT PATH PLANNING ALGORITHM
Song and Waldron [10] addressed gait generation for hexapods in great detail, but their analysis is limited to machines with insect-like structure. The symmetrical structure of LEMUR II requires new approaches.
Since the LEMUR II structure allows for nearomnidirectional locomotion, the foot path planning algorithm is formulated to determine foot paths for any directional heading of the body measured relative to the body-fixed coordinate system. The algorithm is developed by inverting the system to consider the motion of the feet relative to the body, which is defined to be at an angle of φ. (Because the system is inverted, the actual directional heading of the body would be at an angle of φ + π.) For an alternating tripod gait, the general approach is to calculate the longest path that the foot can travel in the direction of the desired heading for each of the three limbs that will form the tripod. Then, those paths are altered based upon a static stability analysis. This approach needs to be carried out for only one set of three limbs because the foot paths for the opposing tripod are simply reflections of those initially calculated.
While the workspaces of any three limbs are identical, their orientations relative to the directional heading of the body are different, so the lengths of the longest foot paths through them are in general different. For walking at larger heights for which each workspace is the area sum of two semicircles, the longest foot path is either through the common center of the two semicircles or else from one endpoint of the larger semicircle to a point on the same semicircle. Figure 8 shows three sample foot paths of maximum length.
In cases where two of the three longest foot paths pass through the endpoints of their respective semicircles, the ultimate step length achieved with the presented algorithm is significantly shorter than the optimal step length. It is preferable to begin the process with only one foot path passing through the endpoint of the semicircle in its workspace. That foot is easily identified as the one whose X-axis is most nearly parallel (or antiparallel) to the foot path. In the case of Figure 8 , this is foot 1. (Refer to the leading superscripts of the coordinate systems in Figure 3 to identify the limbs by number.) Determining the foot paths for walking at these larger heights then, is straightforward. The limb whose X-axis is most nearly parallel to the directional path has a foot path through the endpoint of its workspace, and the other two foot paths pass through the center points of their workspaces.
For walking at lower heights for which each workspace is the area difference of two semicircles, the longest foot path is tangent to the inner boundary of the workspace. It is convenient to express the orientation of each foot path relative to a coordinate system unique to the corresponding limb, referred to as the coordinate system of limb i. Choosing coordinate systems fixed in the body that coincide with the numbered coordinate systems in Figure 3 , the angle φ i for limb i is,
The location of this tangent point for limb i expressed in its own coordinate system is,
Knowing the location of this point and that the slope of the foot path is tan φ i , the two endpoints of the foot path can be determined by finding the intersection points of the foot path with the two boundaries. Figure 9 shows three sample foot paths of maximum length. Assuming point contact of the feet, a tripod of limbs forms a support triangle for the body. When the center of mass, which coincides with the geometric center for LEMUR II, lies within this support triangle, the robot is statically stable. There are two support triangles that must be considered: one formed when the feet are their beginning positions on the path and one when they are at their end positions. Evaluation of stability requires that the endpoints of the foot paths be expressed relative to the bodyfixed coordinate system. Instability is identified when the cross product of the vector along one side of a support triangle with the vector from the triangle's vertex to the mass center is negative. When the cross product is zero, stability is neutral. The vector along the side of the support triangle must proceed with the vertices in a counter-clockwise direction, and the vector to the mass center must initiate from the same vertex as the vector along the triangle side. One example is,
where x b 3 and x b 1 are the x-coordinates of the beginning points of the foot paths for limbs 3 and 1, respectively. The stability analysis is identical for the two different types of workspace, so the walking height really only affects the determination of the three initial foot paths. These foot paths are manipulated in two phases to ensure that static stability is maintained without excessively reducing step length. In the first phase, each limb is examined individually. If there is instability associated with a side of the support triangle that includes the limb only at the beginning position of the foot, then the foot path for that limb is reduced in length entirely from that starting point. If there is instability that involves the limb at both the starting and the ending positions, then the foot path is reduced in length equally from both ends. In each case, the length is reduced such that it is equal to the shortest length of the three foot paths. In cases in which there is either no instability or instability only at the ending point of the foot path, the length is reduced entirely from the ending point. Note that all three foot paths are required to be of equal length.
If the instability is found at both the starting and the ending positions, the foot path shortened from both ends is then moved outward in a normal direction from its original position until its new endpoints are on the outer workspace boundary. If the coordinates of limb i's shortened path's beginning point prior to the shift are (x b i , y b i ), then the shifted coordinates are,
where d i is the distance from the starting point to the outer workspace boundary along a line perpendicular to the foot path. This completes the first phase of the stability analysis. All three foot paths have been modified to have the same length, with the shortening of paths performed in a manner to enhance stability. Note, though, that stability has not been ensured in any way at the end of this phase. Figure 10 shows the modifications to the foot paths from Figure 8 after the first phase of stability analysis. Instabilities persist at both the beginning and ending position of the feet in this case.
Instead of looking at individual limbs, the second phase of stability analysis examines which, if any of the support triangle sides is the cause of instability in the beginning position. At most one can be, and the cross product test is again employed in this determination. If instability is found, the new beginning points for the two affected limbs are found by constructing a line of the same slope as the line through the two previous beginning points, but passing directly through the mass center. The new beginning points are then located at the intersections of this line with the two foot paths, and neutral stability is ensured. To maintain foot paths of equal length, the unaffected path is reduced by the same amount in length working backward from its endpoint. The endpoint is preferable to the start point for this reduction in the event that instability is found for the ending support triangle as a result of that foot position.
Finally, the ending support triangle is examined in the same way, and again, instability can only be associated with one side, if any. The foot paths are reduced in length using the same method as for the beginning triangle, and the unaffected foot path is reduced from its starting position so as to maintain equal path lengths. Figure 11 is a plot of the beginning and ending support triangles for the foot paths modified from Figure 10 by the second phase of the stability analysis.
This two-phase approach to stability analysis results in maximally long foot paths except in the relatively common cases in which instability is identified at both the beginning and ending positions during the second phase. A more nearly optimal method would investigate whether the beginning or ending foot positions resulted in greater instability at the second phase and make the corrections in order accordingly. This method requires significantly more computation, though, and results in less than 2% increases in foot path length. Calculating the truly maximal foot paths requires a search algorithm, an approach that would likely be too computationally intensive to run in realtime, particularly on processors that are space-flight qualified.
OPTIMIZED FOOT PATH PLANNING
While formulating and solving the problem of generating foot paths as a nonlinear optimization problem is an approach that may be too computationally intensive to run in realtime on the LEMUR II robot, it provides a means of evaluating the faster foot path planning algorithm developed in the preceding section. There are twelve design variables in the optimization: the coordinates of the foot relative to the body at its beginning position (x B j , y B j ) and ending position (x E j , y E j ) for each limb j, where j = 1, 3, 5. The objective function to be maximized is the sum of the lengths of the three foot paths.
To account for the two different workspace structures associated with walking at different heights, two different sets of constraints are established. Five equality and six inequality constraints, however, are common to both sets. Three equality constraints require the foot paths to be parallel to the body's directional heading,
where j = 1, 3, 5. Two additional constraints enforce equality of the three foot path lengths,
where k = 3, 5 in this case. The six common inequality constraints impose static stability by requiring the mass center to lie within the support triangle at the beginning and ending positions of the feet. Each constraint pertains to one side of the support triangle in one position and is formulated as a cross product as in Equation 8 . An example of one of the six is,
For the case of walking at larger heights when the workspace is the area sum of two semicircles, twelve inequality constraints place the endpoints of the foot paths within the workspace boundaries. Two constraints apply to the starting position of each foot, one for each semicircle of the workspace boundary. Similarly, two constraints apply to the ending position of each foot. Two example constraints are,
These constraints alone place the endpoints of the foot paths inside the workspaces. If the foot path crosses either linear portion of the workspace boundary that connects the two semicircles, intermediate path points will lie outside the limb's workspace. Three additional inequality constraints, one for each limb, are needed to prevent this problem. Each constraint restricts the foot path of one limb to pass from one semicircular region of the workspace into the other at a point whose distance from the common center of the semicircles is less than the radius of the smaller one. An example constraint for limb 1 is,
Combining both the common constraints and those unique to this workspace structure, the 12-variable nonlinear optimization problem has five equality constraints and 21 inequality constraints. For the case of walking at lower heights when the workspace is the area difference of two semicircles, eighteen inequality constraints place the endpoints of the foot paths within the workspace boundaries. Twelve of these constraints pertain to the two semicircular workspace regions, and two examples of such constraints are,
The other six constraints pertain to the linear workspace boundary that connects the two semicircles. These are needed because the smaller semicircle is the inner void of the workspace in this case. One example is,
As in the previous case, three additional constraints are employed to ensure that all intermediate points on the foot path also lie within the workspace boundaries. These constraints restrict the foot path of one limb to be located a distance from the common centers of the semicircles at least equal to the radius of the smaller semicircle. One example is,
Combining the common constraints and those unique to this workspace structure, the nonlinear optimization problem has five equality constraints and 27 inequality constraints. The complexity of these two optimization formulations highlights the motivation to develop a simpler method that can be implemented as part of a realtime control algorithm. For evaluation of the foot path planning algorithm, the optimization problems were solved using the IDESIGN software developed at the University of Iowa. The results are presented in the following section.
RESULTS
For the results presented here, the length of the LEMUR II's upper limb, lower limb, and body sides were all taken to be 6 inches. LEMUR II has the potential for variability in its lower limb lengths since different end-effectors can be employed. The o f f set value introduced to avoid boundary singularities was taken to be 0.5 inches. Recalling that α is 30 degrees, the given dimensions result in a value of 6 inches for r as calculated in Equation 1. For walking at heights larger than 6 inches, the workspace of each limb will be the area sum of two semicircles, whereas for walking at heights lower than 6 inches, it will be the area difference of two semicircles. The maximum step lengths for statically stable walking with an alternating tripod gait were calculated over a range of walking heights from 5 to 11 inches and for walking directions from 0 to 30 degrees. Due to the symmetry of the system, the step length for every other walking direction is equal to the step length for an angle between 0 and 30 degrees. Table 2 lists the step lengths determined from the foot path planning algorithm and from the optimization approach for various walking heights and directions, as well as the percentage difference between the two lengths. It is clear from this data that the longest possible step lengths for each walking height are found at a directional heading of zero degrees and the shortest possible paths are found at a heading of 30 degrees. This is not surprising since a 30-degree heading is perpendicular to one face of the body, requiring the limb attached to that face to either push or pull the body along. At a zero degree heading, the opposite is true. The body face to which one of the limbs is attached is parallel to the direction of motion, so all three of the limbs have a longer stroke. It is at such a heading that the LEMUR II robot is most like a typical insect-like hexapod because the limbs are positioned most nearly on the sides of the body relative to the direction of motion.
The maximum overall step length is found at a walking height of 6 inches and at a directional heading of zero degrees. It is listed in Table 2 as nearly 14.5 in. The foot path planning algorithm developed in this work generates a step length that is 9% shorter than this true maximum. Figure 12 plots the percentage difference in step length between the optimal solution and the result of the foot path planning algorithm for five headings at three walking heights. These heights are all large enough that the limb workspaces are the area sums of two semicircles. The foot path planning algorithm generally yields a more nearly optimal solution as the heading increases, although the percentage difference does increase slightly near a 30-degree heading at larger walking heights. Although not shown explicitly in the figure, the maximum percentage difference in step length of 9.1% occurs at a walking height just above 6.6 inches for a heading of 0 degrees. As walking height increases beyond this value, the foot path planning algorithm yields a more nearly optimal solution. Figure 13 plots the percentage difference in step length for five headings at walking heights for which the limb workspaces are area differences of two semicircles. At these heights, step lengths decrease very rapidly with decreasing walking height because the workspaces of the limbs shrink very rapidly, as can be seen in Figure 6 . Figure 13 shows that the foot path planning algorithm produces step lengths that more nearly match the optimal values for these walking heights. The maximum percentage difference for these lower walking heights is 6.22% at a height just above 5.6 inches.
The data presented in this section indicates that the foot path planning algorithm developed in this work generates step lengths that are not more than 9.1% shorter than the maximum step lengths for the LEMUR II robot walking with an alternating tripod gait at any height and in any direction. In fact, at most heights and in most directions, the step lengths are significantly closer to the optimal values. Given the similarities, the computational benefits of implementing the foot path planning algorithm in place of an optimization approach can be achieved without significant reduction in mobility performance. Additionally, the differences in step length for walking at the same height with different headings shown in Table 2 highlight the fact that LEMUR II is only a near omni-directional robot. It is capable of moving in any direction, but an optimal direction is parallel to any one of its six body faces.
SUMMARY
This work presents a foot path planning algorithm for an alternating tripod gait of the hexapod robot LEMUR II. The robot's limbs have four DOF's and are located on the six faces of its hexagonal body. This symmtrical structure favors the use of the limbs for multiple functions, particularly manipulation. Since the limbs are not specialized for locomotion as in most insectlike hexapods, gait planning offers unique challenges. The structure does, however, make the robot nearly omni-directional. The developed foot path planning algorithm is applicable to walking at a constant height in any directional heading. The approach is to determine the maximum length foot path through each limb's workspace and then modify those foot paths based upon static stability analysis. The stability analysis is conducted in two phases to ensure stability without excessively reducing step length. The results of this algorithm were compared with the solutions to an optimization approach to the foot path planning problem. The developed algorithm yields foot paths not more than 9.1% shorter than the optimal paths for all walking heights and directions. Because the performance is so similar, the developed algorithm is favorable to an optimization approach because its computational efficiency enables implementation in realtime control. This work is a first step toward developing general gait planning algorithms for symmetrical robots like LEMUR II.
